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(Received 20 December 2001; published 15 July 2002)057901-1We study when a nonlocal unitary operation acting on two d-level systems can probabilistically
simulate another one when arbitrary local operations and classical communication are allowed. We
provide necessary and sufficient conditions for the simulation to be possible. Probabilistic interconvert-
ability is used to define an equivalence relation between gates. We show that this relation induces a finite
number of classes that we identify. In the case of two qubits, two classes of nonlocal operations exist. We
show how the representatives of these classes, CNOT and SWAP, can be deterministically converted into
any operation of its class and calculate the optimal probability of the reverse process.
DOI: 10.1103/PhysRevLett.89.057901 PACS numbers: 03.67.Hk, 03.65.Ca, 03.65.Udand allows us to put some structure in the set of nonlocal
operations.
iary systems—is given by ~U ~Uy. Note that we do not
allow for manipulations during the evolution (as is, e.g.,Much of the attention in quantum information theory
(QIT) was focused in recent years on obtaining a qualita-
tive and quantitative description of the entanglement prop-
erties of pure and mixed states. Apart from the important
link of this problem to the basic principles of QIT and
quantum mechanics, a proper understanding of entangle-
ment is also expected to lead to new applications in
quantum communication and quantum computation. As
entanglement—mainly in the form of a maximally en-
tangled state—is a key ingredient for many applications
in QIT, it became a focus of interest to consider entangle-
ment as a valuable resource. In this context, it is important
to know how to manipulate entangled states in an optimal
way, because this determines which QIT tasks can be done
(with optimal probability of success) using a given en-
tangled state.
Quite recently, it was realized that entanglement of
states is not the full story—one may also consider the
entanglement properties of quantum dynamics. This is
motivated in part by the facts that, after all, we deal with
interactions in experiments, and the interactions allow us to
create entangled states. This makes a proper understanding
of qualitative and quantitative entanglement properties of
quantum operations highly desirable. In fact, first steps in
this direction have been reported recently [1–5]. However,
even in the case of bipartite unitary dynamics—which
may in some sense be considered as the analog of bipartite
pure states—only very few is known until now. Important
issues, such as the structure of nonlocal unitary operations
as well as the possible local interconvertability of
nonlocal unitary operations—i.e., the (probabilistic) simu-
lation of a unitary operation using some other one—are
completely unexplored yet. Similarly, as for pure state
conversion, this last issue provides information about
which kind of dynamics may be performed (with an opti-
mal probability of success) given some unitary operation0031-9007=02=89(5)=057901(4)$20.00 Apart from the theoretical interest of such questions,
they may also be of practical relevance. In particular, in
many cases it is important to know whether a given
resource (i.e., a certain unitary operation) suffices to imple-
ment a relevant task in QIT. For example, one may consider
the process of entanglement purification [6], one of the
basic primitives for long range quantum communication
using quantum repeaters [7]. The known schemes for en-
tanglement purification [6] require the possibility to imple-
ment CNOT operations [8] between two particles. The
approach sketched above allows one to decide whether a
given unitary operation—e.g., produced by a weak inter-
action—is already sufficient to implement a CNOT opera-
tion and thus entanglement purification. As entanglement
purification itself is already a probabilistic process, one can
consider probabilistic simulation of the operations. In this
Letter, we provide a complete solution of the problem
stated above. From our results follows, e.g., that any
(arbitrarily weak) bipartite unitary operation already al-
lows one to implement entanglement purification.
We consider two (spatially) separated parties and non-
local unitary operations U; ~U acting on two d-level sys-
tems, each of them held by one of the parties. We say, that a
unitary operation U can simulate the action of another
operation ~U on an arbitrary input state probabilistically
(equivalently, U can be converted to ~U), U * ~U, if there
exists a protocol using (stochastic) local operations and
classical communication [(S)LOCC] [9] and a single ap-
plication of U to achieve this task. The most general
simulation protocol in this context consists of appending
local auxiliary systems, a sequence of (S)LOCC, followed
by a single application of U and another sequence of
(S)LOCC. We have to know when the protocol succeeds.
In this case—which occurs with some nonzero probability
of success—the total action of the protocol on an arbitrary
input state —after tracing out eventually involved auxil-2002 The American Physical Society 057901-1
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pears if the process of interaction is inaccessible for some
reason, e.g., because the interaction is taking place at a
very short time scale, or the unitary operation is given by a
fixed device (black box), which should then be used for
some other purpose.
One may also consider simulation of unitaries under
other restricted sets of local operations, such as local
unitaries (LU) or local operations without classical com-
munication. For each kind X of local operations, one
obtains in this way an equivalence relation based on inter-
conversion of U and ~U, U X ~U, which is discussed in
detail in [10]. Throughout this Letter, we will consider
probabilistic interconversion and allow for arbitrary local
resources [11], i.e., SLOCC.
The results we obtain are as follows: (i) We provide a
necessary and sufficient condition for probabilistic simu-
lation of unitary operations U * ~U. This allows us to
obtain a complete, hierarchic classification based on the
equivalence relation induced by probabilistic intercon-
vertability of operations, i.e., U  ~U. The number of
classes is finite and for a Cd  Cd system, i.e., U 2
SUd2, bounded from above by d2. (ii) For qubits, i.e.,
d  2, we show that only three classes exist, which can be
represented by the identity, CNOT and SWAP, respectively
[8]. (iii) Also for the case of qubits, we explore the internal
structure of the classes and show that, given the CNOT
(SWAP) operation, one can deterministically simulate any
operation of its class. We also calculate the optimal proba-
bility to obtain the CNOT (SWAP) operation from an arbi-
trary operation of the corresponding class and provide a
practical protocol to achieve this task. In order to obtain a
necessary and sufficient condition for probabilistic gate
simulation (i), we make use of the isomorphism between
nonlocal physical operations and states [1]. When applied
to unitary operations, one finds that to each unitary opera-
tion U 2 SUd2 corresponds a pure state jUi 
 Cd2 
Cd
2 given by
jUi 
 UA1B1 jiA1A2  jiB1B2 ; (1)
where jiA1A2 
 1=

d
p P
d
k1 jkiA1 jkiA2 is a (local) maxi-
mally entangled state. The isomorphism has a very simple
interpretation [1]: (a) On the one hand, Eq. (1) tells us that
one can obtain the state jUi starting from a product state
(systems A and B) given a single application of U. (b) On
the other hand—as shown in [1]—given the state jUi, one
can probabilistically implement the unitary operation U on
an arbitrary input state  by performing suitable local
measurements. We denote by nU the Schmidt number of
the state jUi, i.e., the number of nonzero Schmidt coef-
ficients. Recall that (c) a bipartite pure state j i can be
transformed into another pure state ji with nonzero
probability of success using SLOCC iff n  n (see,
e.g., [12]).057901-2We can now state the following necessary and sufficient
condition for probabilistic gate simulation:
U * ~U iff nU  n~U : (2)
Using a sequence of local operations and the properties
(a)–(c), the proof of Eq. (2) can be summarized as follows:
Necessity follows from the existence of the (probabil-
istic) local process jUi !b U ! ~U !a j~U i, which
according to (c) implies that nU  n~U . Regarding suffi-
ciency, we have U !a jUi !c j~U i !b ~U. Note
that the last relation provides a protocol to achieve the
simulation U * ~U.
It immediately follows that U can be interconverted into
~U probabilistically, U  ~U, iff nU  n~U . We have that
two operations U; ~U belong to the same equivalence class
induced by this equivalence relation iff their corresponding
pure states jUij; j~U i have the same Schmidt number.
Since nU  d2, we have that at most d2 inequivalent
classes exist if U 2 SUd2. The classification is hierar-
chic, as unitary operations corresponding to states with a
higher Schmidt number can simulate operations with cor-
responding states with a lower Schmidt number.
In order to make this more explicit, we will now turn into
the probabilistic conversion of two-qubit gates, i.e., d  2
(ii). We explicitly obtain the corresponding classes, which
turn out to be only three. As shown by Kraus et al. [3]
(see also [13]), any two-qubit unitary operation U 2
SU4 can be uniquely [14] written in the following stand-
ard form:
UABVA WBeiH ~VA  ~WB ; (3a)
H 

X3
k1
Hk; Hk 
 kAk  Bk ; (3b)
=4  1  2  j3j  0 ; (3c)
where VA,WB, ~VA, and ~VB are local unitary operations and
k are the Pauli operators with 0 
 1. That is, up to local
unitaries, any two-qubit unitary operation is given by the
normal form eiH, which contains all the nonlocal content
of the operation. We denote by fjkigk0;1;2;3 a basis of
maximally entangled states, where jki 
 k  1ji and
ji 
 1= 2p j00i  j11i. Using Eq. (1) and (a) 1A1 
VA2 ji  VTA1  1A2 ji, (b) eiH  eiH1eiH2eiH3 , (c)
eiHk  cosk1  1  i sinkk  k, we have that
jUi  VA1 WB1  ~VTA2  ~WTB2eiHA1B1 jiA1;2 jiB1;2 LU
eiHA1B1 jiA1;2 jiB1;2 
P
3
k0 akjkiA1;2 jkiB1;2 [10]. We
used (a) in the first equality, while the second equality is
understood up to local unitaries. In the final equality, we
used eiHA1B1  P3k0 akA1k  B1k , where the coefficients
ak can be easily obtained using (b) and (c). Introducing the
shorthand notation ci 
 cosi, si 
 sini, we find057901-2
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a1  c1s2s3  is1c2c3 ; (4b)
a2  s1c2s3  ic1s2c3 (4c)
a3  s1s2c3  ic1c2s3 : (4d)
Note that the expression for jUi corresponds—up to
some irrelevant phase factors—to the Schmidt decompo-
sition with Schmidt coefficients jakj.
It is now straightforward to check that the Schmidt
number nU is either 1,2 or 4. Thus, three classes of two-
qubit unitary operations under probabilistic local intercon-
version, U  ~U, exist.
Class 1: nU  1: These are local unitary operations,
with 1  2  3  0 in Eq. (3). One can choose the
identity as a representative of this class.
Class 2: nU  2: These are nonlocal unitary operations
with 1  0 and 2  3  0 in Eq. (3). The CNOT
operation appears as a natural representative of this class,
as jUCNOT  1=

2
p j00iA1;2 j0iB1;2  j11iA1;2 j1iB1;2 is a
maximally entangled state with Schmidt number 2. Note
that the CNOT is up to local unitaries equivalent to an
operation of the form (3) with 1  =4, 2 
3  0.
Class 3: nU  4: These are nonlocal unitary operations
with 1; 2  0 and arbitrary 3. The SWAP operation
appears as a natural representative of this class, as
jUSWAPi  j0iA1B2 j0iA2B1 is a maximally entangled
state with Schmidt number 4. Note that the SWAP is up to
local unitaries equivalent to an operation of the form (3)
with 1  2  3  =4.
Recall that any operations of class 3 can simulate opera-
tions of class 2 probabilistically; however, the reverse
process is not possible. This implies, on the one hand,
that any nonlocal unitary operation can be used to simulate
a CNOT operation probabilistically (and thus to implement
entanglement purification), while the CNOT operation can,
e.g., not be used to simulate eitA1B1A2B2  with non-
zero probability of success even for t 1.
We now explore the internal structure of the different
classes (iii). We first show that the representative of each
class can be used to simulate any other operation within the
class with unit probability. For the SWAP operation, this is
trivial to see: Since the SWAP operation can be used to
create two ebits of entanglement [see Eq. (1)], one can use
the first ebit to teleport a qubit from B to A, implement the
desired operation locally in A, and teleport the qubit back
to B. Note that there is a whole set of operations within
class 3 which can be deterministically interconverted into
the SWAP operation. In particular, all operations of the form
(3) with 1  2  =4 and arbitrary 3 can create two
ebits of entanglement and can thus similarly be used to
deterministically implement any other operation. Note that
these are the only two-qubit operations with this property.
We now show that the CNOT can simulate any opera-
tion of the form U 
 eiA3B3 with 0    =4057901-3deterministically. This is sufficient to obtain that any
operation in class 2 can be simulated by the CNOT, as any
operation in class 2 is equivalent to U up to LU. Given
an arbitrary input state jiAB 
P
i;j bijjiiAjjiB, we use the
following protocol: (a) We apply CNOTA!~B , where ~B is an
auxiliary system at site B prepared in state j0i. (b) We
apply locally the operation UB~B . (c) We measure the
particle ~B in the x basis; i.e., we measure projectors
corresponding to the states ji 
 1= 2p j0i  j1i. If we
obtain the result corresponding to ji, we apply 3
in A and ~B; otherwise, we do nothing (the last step re-
quires classical communication). It is straightforward
to check that the protocol performs the desired gate
on an arbitrary input state:
P
i;j bijjiiAjjiBj0i~B !aP
i;j bijjiiAjjiBjii~B !b
P
i;jc  is1!j1!i1bij 
jiiAjjiBjii~B !c
P
i;jc  is1!j1!i1bijjiiAjjiB 
ji~B  UABjiABji~B .
In the remainder of this paper, we will consider optimal
simulation of CNOT (SWAP) given an arbitrary operation
within the corresponding class; that is, we are looking for
the simulation protocol with highest possible probability of
success. We show the following: (a) If a protocol can
probabilistically simulate the action of a unitary operation
on all input states, then the probability of success is
independent of the input state. (b) We derive an upper
bound for the probability of success for a particular input
state, which—according to (a)—provides also a bound for
the optimal protocol. (c) We provide a protocol which
reaches the upper bound.
Regarding (a), any simulation protocol can be consid-
ered as a two-branch protocol with two possible outcomes:
the successful branch described by the operator M, where
with some probability of success V is performed, and the
second branch where the simulation of V failed. We con-
sider the successful branch and assume that the probability
of success, p  trMj ih jMy of the protocol depends
on the input state j i, where j i 
 Pij ijjiji. We have
that Mj i  p p Vj i. Using Mjiji  pijp Vjiji, we
have, on the one hand, M
P
ij ijjiji  p p V
P
ij ijjiji
and, on the other hand, M
P
ij ijjiji 
P
ij ij
pij
p Vjiji.
This implies that p 
p  pijp 8 ij and thus p 
 p is
constant.
(b) It follows from (a) that we can consider an arbitrary
input state to derive an upper bound for the probability of
success of the optimal protocol. As CNOT (SWAP) can create
one (two) ebit(s) of entanglement when applied to product
input states [see Eq. (1)], the optimal simulation proto-
col—when acting on a product input state—should also be
capable of creating one (two) ebit(s) of entanglement. The
first sequence of SLOCC does not change the product
structure of the input state. Thus, we have to consider the
optimal probability to obtain a maximally entangled state
with one (two) ebit(s) of entanglement using a single
application of U acting on an arbitrary product input
state followed by SLOCC. Let jiAj$iB be an arbitrary
product state, already including local auxiliary particles.057901-3
VOLUME 89, NUMBER 5 P H Y S I C A L R E V I E W L E T T E R S 29 JULY 2002We denote jiiA1A2 
 A1i  1A2 jiA1A2 and j$iiB1B2 

B1i  1B2 j$iB1B2 , which are normalized, but not necessa-
rily orthogonal states. Using the notation introduced be-
tween Eqs. (3) and (4) and assuming without loss of
generality that U  eiH [the local unitary opera-
tions of a general U of Eq. (3) can be absorbed into the
definition of ji; j$i and the SLOCC performed after-
ward], we obtain j$Ui 
 UA1B1 jiAj$iB 
P
3
k1 ak jkiAj$kiB. Let bi be the ordered Schmidt coefficients of
j$Ui, b0  b1  b2  b3. Using the results of [12,15], on
optimal conversion of pure states, we have that the optimal
probability to obtain a maximally entangled state of one
(two) ebit(s) out of j$Ui is given by p1  2b21  b22 
b23p2  4b23. Note that, for operations in class 2, the
maximal probability p1 reduces to p1  2b21, since b2 
b3  0 in this case. Let j ~jiA be a normalized state for
which jh ~jjiij  0 for i  j. For j%iA being an arbitrary
state and A 
 trB1B2j$Uih$Uj the reduced density ma-
trix of system A, we have that b23  h%AjAj%Ai. For j%Ai j ~3i, we obtain b23  h ~3jAj ~3i  ja3j2jh ~3j3ij2 ja3j2. This implies that p2  4ja3j2. A similar argument
can be used to obtain a bound for p1 for unitary operations
within class 2; however, one has to take into account that
b2  b3  0 and thus obtains b21  ja1j2, which implies
p1  2ja1j2  2s21 .(c) The optimal protocol is given by the one sketched in
the proof of Eq. (2), i.e., U ! jUi ! jUCNOTSWAP i !
~UCNOTUSWAP, where in the second step the optimal proto-
col for pure state conversion [12,15] is used. Note that the
first and the third steps can be performed with unit proba-
bility of success, where the last relation follows from the
fact that one (two) ebit(s) of entanglement are sufficient to
implement a CNOT (SWAP) deterministically [1,4]. We have
that the conversion probability to obtain a CNOT (SWAP)
given an operation in class two [three] is p1  2ja1j2 
2s21 [p2  4ja3j2], which reaches the upper bound derived
above and the protocol is thus optimal.
In this Letter, we derived necessary and sufficient con-
ditions for probabilistic (inter)conversion of bipartite uni-
tary operation and obtained a complete, hierarchic
classification. For two-qubit operations, we proved the
existence of three inequivalent classes, represented by
1AB, CNOT, and SWAP. We provided protocols to obtain
the optimal conversion between the representative of
each class and an arbitrary operation of the class. The
results presented in this Letter can be extended to multi-
partite systems, and one may also consider intercon-
version of operations under restricted classes of local
operations [10].
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